We analyze in detail all the possible fixed points of the effective Hamiltonian of a non-magnetic impurity hopping between two sites in a metal obtained by Moustakas and Fisher (MF) in Ref. 9 . We find a non-fermi liquid fixed line which continuously interpolates between the 2-channel Kondo fixed point(2CK) and the one channel, two impurity Kondo (2IK) 
the exponent of the electron resistivity do not and show the same behaviors as the 2CK. The additional non-fermi liquid fixed point found by MF has the same symmetry as the 2IK, the thermodynamic quantities show fermi liquid behaviors C imp ∼ T 2 , χ imp ∼ const., but the electrical resistivity goes linear as T . The system is shown to flow to a stable fermi-liquid fixed line which continuously interpolates between the non-interacting fixed point and the 2 channel spin-flavor Kondo fixed point (2CSFK) discussed by the author in Ref. 22 . The conditions to observe the non-fermi liquid behaviors controlled by the zero temperature non-fermi liquid fixed line are discussed. Finally the implications are given for a non-magnetic impurity hopping around three sites with triangular symmetry discussed by MF in Ref. 29 .
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I. INTRODUCTION
The experimental realization of overscreened multichannel Kondo model has been vigorously searched since the discovery of its non-fermi liquid behavior by Noziéres and Blandin (NB) 1 . D. L. Cox 2 pointed out that the non-fermi-liquid behaviors in heavy fermion systems like Y 1−x U x P d 3 may be explained by the 2 channel quadrupolar Kondo effects, but the observed electrical resistivity of such systems is linear in T in contrast to √ T behavior of 2-channel Kondo model. Vladár and Zawadowski 3 suggested that a non-magnetic impurity tunneling between two sites in a metal can be mapped to the two-channel Kondo model in which the roles of channels and spins in the original formulation are interchanged. Ralph et al. 4 suggested that the conductance signals observed in ballistic metal point contacts may be due to 2-channel Kondo scattering from 2-level tunneling systems, the conductance exponent 1/2 and the magnetic field dependence observed in such device is indeed in consistent with that predicted by Affleck-Ludwig's (AL) Conformal Field Theory (CFT) solution of 2-channel Kondo model 5, 6 however the alternative interpretation is also proposed 7 .
Moustakas and Fisher 8 reexamined the problem of the electron assisted tunneling of a heavy particle between two sites in a metal. In addition to bare hopping ( ∆ 0 term in Eq. 1
) and one electron assisted hopping term ( ∆ 1 term in Eq. 1 ) found previously in Ref. 3 , they found an extra two electrons assisted hopping term ( ∆ 2 term in Eq. 1 ) also plays an important role. Treating all these important processes carefully, they concluded more than four channels (including spin) are needed in order to localize the impurity. In Ref. 9 , they wrote down an effective Hamiltonian which includes all the important processes and employed Emery-Kivelson (EK)'s Abelian Bosonization solution of the 2-channel Kondo model 10 to investigate the full phase diagram of this Hamiltonian, they found the two electron assisted hopping term plays a similar role to the bare hopping term. However, they overlooked the important fact that the canonical transformation operator U = e iS z Φs in EK's solution is a boundary condition changing operator 12, 13 , therefore their analysis of the symmetry of the fixed points and the operator contents near these fixed points are not complete. Furthermore the nature of the stable Fermi liquid fixed point was also left unexploited.
Affleck and Ludwig (AL) 11, 12, 14 , using Conformal Field Theory, pointed out that for any general quantum impurity problem, the impurity degree of freedoms completely disappear from the description of the low temperature fixed point and leave behind conformally invariant boundary conditions. CFT can also be used to classify all the possible boundary operators near any low temperature fixed points. For 4 pieces of bulk fermions which correspond to 8 pieces of Majorana fermions, the non-interacting theory possesses SO (8) symmetry, Maldacena and Ludwig (ML) 14 showed that finding the symmetry of the fixed points is exactly equivalent to finding the boundary conditions of the 8 Majorana fermions at the fixed points, the boundary conditions turned out to be linear in the basis which separates charge, spin and flavor, this basis is related to the original fermion basis by the triality transformation Eq. fixed points where the original fermions only suffer just phase shifts at the boundary.
In this paper, using the combination of AL's method and EK's method and paying the special attention to boundary condition changing nature of U = e iS z Φs , we investigate the full phase diagram of the present problem again. In Sec. II, we abelian bosonize the effec- 
Here the two sites 1, 2 ( the two real spin directions ↑, ↓ ) play the role of the two spin directions ↑, ↓ ( the two channels 1, 2 ) in the magnetic Kondo model. All the couplings have been made to be dimensionless. As emphasized by MF, even initially ∆ 1 , ∆ 2 maybe negligible, they will be generated at lower energy scales. · · · stands for irrelevant terms 17 .
In the following, we use the notation of the magnetic Kondo model and rewrite the above Hamiltonian as:
where
Hamiltonian Eq. 2 has the global Z 2 × SU f (2) × U c (1) symmetry and Time reversal symmetry. Under the Z 2 symmetry in the spin sector :
The potential scattering term V 1 is the only term which breaks P-H symmetry:
In the following, we closely follow the notations of Emery-Kivelson 10 . Abelian-bosonizing the four bulk Dirac fermions separately :
Where Φ iα (x) are the real chiral bosons satisfying the commutation relations
The cocycle factors have been chosen as:
It is convenient to introduce the following charge, spin, flavor, spin-flavor bosons:
Following the three standard steps in EK solution: step 1 : writing the Hamiltonian in terms of the chiral bosons Eq.5. step 2: making the canonical transformation U = exp(−iV 1 Φ c (0) + iS z Φ s (0)) 18 step 3: making the following refermionization:
Note ψ si (x) defined above contains the impurity operator e iπd † d in order to satisfy the anti-commutation relations with the other fermions.
The transformed Hamiltonian H ′ = UHU −1 can be written in terms of the Majorana fermions as:
As shown by MF, the two electron assisted hopping term plays a similar role to the bare hopping term. From the Operator Product Expansion (OPE) 19 of the various operators in Eq. 7, the R. G. flow equations near the weak coupling fixed point q = 0 is
MF got the same RG flow equations ( Eq.23 in Ref. 9 ) near the weak coupling fixed line using Anderson-Yuval Coulomb gas picture. Eq. 8 shows that ∆ + , ∆ − , ∆ 1 have the same scaling dimension 1/2 at q = 0, so are equally important.
Where
Eq.7 can be rewritten as:
The R. G. flow equations which are equivalent to Eq.8 are
Where the angle θ is defined by cos θ =
The crossover scale from the weak coupling fixed point q = 0 to a given point on the NFL fixed line to be discussed in section III is given by
In the following sections, we will discuss all the possible fixed points of Hamiltonian Eq.7
and the R. G. flow equations near these fixed points. We find the physical picture can be more easily demonstrated in the corresponding action:
When performing the RG analysis of the action S, we keep 21 1: γ 2 = 1, ∆ K fixed, 2: 
III. NFL FIXED LINE
Ifq =ỹ = ∆ + = 0, this fixed point is located at γ 1 = 0, γ 2 = 1 where b decouples, but a loses its kinetic energy and becomes a Grassmann Lagrangian multiplier, integrating a out leads to the boundary conditions :
We also have the trivial boundary conditions
The local correlation functions at this fixed point are
The impurity spin-spin correlation function S z (τ )S z (0) ∼ 1/τ . We can also read the scaling dimension of the various fields
As emphasized in the introduction part, the canonical transformation U is a boundary condition changing operator 12,13 , we have the following relation between ψ si and the untransformed field ψ s (x):
As expected, the impurity spin S z drops out in the prefactor of the above equation.
The boundary conditions Eqs.13,14 of H ′ can be transformed into the corresponding boundary conditions of the untransformed Hamiltonian H in terms of untransformed field :
It is evident that at the fixed point, the impurity degree of freedoms totally disappear and leave behind the conformally invariant boundary conditions Eq. 17. These are NFL boundary conditions. In contrast to the boundary conditions discussed previously 14, 26, 22 , although the boundary conditions are still linear in the basis which separates charge, spin and flavor, they are not in any four of the Cartan subalgebras of SO (8) 
Where the new fields are defined by :
It can be checked explicitly the above boundary conditions satisfy all the symmetry require- 
2 with degeneracy d = 2, the first excited energy is From Eq. 7, it is easy to see that even y term itself is irrelevant near this fixed line, but Eq. 8 shows that it, when combined with ∆ 0 term, will generate ∆ 1 , ∆ 2 terms which must be taken into account at this fixed line. y term is " dangerous" irrelevant, similar " dangerous" irrelevant term occured in the two channel flavor anisotropic Kondo model 26 .
This NFL fixed line is unstable. ∆ + term in Eq. 12 has scaling dimension 1/2, therefore relevant.q term is the leading irrelevant operator with scaling dimension 3/2, γ 1 and γ 2 terms have dimension 2,ỹ term has scaling dimension 5/2. Near this fixed line, by OPE, we have the following R. G. flow equations:
Which is equivalent to
The irrelevant operatorsỹ,q, combined with the relevant operator ∆ + , renomalize ∆ K and θ respectively. As explained previously, the angle θ specifies the position on the NFL fixed line.
This operator content is totally consistent with the following CFT analysis: if θ = π, the fixed point symmetry is O(3) × O(5), the CFT analysis of Ref. 24 can be borrowed.
Under the restriction of Z 2 and Time-Reversal symmetry 27 , it is easy to see there is only one relevant operator φ 1 with scaling dimension 1/2 which can be identified as ∆ + term, two leading irrelevant operators with scaling dimension 3/2, one is the spin 0 operator T 0 0 which is Virasoro primary and can be identified asq term , therefore contributes to
which is the first order Virasoro descendant, explicit calculation shows that it makes subleading contributions to C imp ∼ T, χ imp ∼ const. If θ = π, the boundary operators and their scaling dimensions remain unchanged, therefore neither the specific heat nor the susceptibility depend on the the position on the fixed line, because there is only one Virasoro primary leading irrelevant operator, the Wilson ratio is universal R = 8 3 24 . Using the method developed in Refs 6, 14 and taking the boundary conditions Eq.18 into account, we get the electrical resistivity
IV. ADDITIONAL NFL FIXED POINT
Ifq =ỹ = ∆ K = 0, this fixed point is located at γ 1 = 1, γ 2 = 0 where a decouples, b loses its kinetic energy and becomes a Grassmann Lagrangian multiplier, integrating b out leads to the boundary conditions :
The above boundary conditions of H ′ corresponds to the following boundary conditions of the original Hamiltonian H in terms of untransformed fermion fields :
The above boundary conditions are in one of the four Cartan subalgebra, therefore can be expressed in terms of chiral bosons:
In terms of physical fermions, it reads:
This is a NFL fixed point with g = √ 2 and the symmetry O(1) × O(7) which is the fixed point symmetry of the 2IK(a) (Fig. 1) . At this fixed point, the original electrons scatter into the collective excitations which fit into the S spinor representation of SO (8) .
This fixed point is also unstable. On the NFL fixed line discussed in the previous section, if θ = 0, the fixed point symmetry is enlarged to the 2IK(b) ( Fig. 1 ) . Although these two fixed points have the same symmetry and the same finite size spectrum, but they have very different operator contents. ∆ 1 , ∆ − are two relevant terms with scaling dimension 1/2, any linear combination of the two terms will drive the system to a given point of the fermi liquid fixed line to be discussed in the following section. γ 1 and γ 2 terms have dim. 2. and contribute C imp ∼ T, χ imp ∼ const. q and y terms are two irrelevant operators with scaling dimension 5/2. Near the fixed point, we get the following R.G. flow equation:
This NFL fixed is very unlikely to be observed by experiments, because it has two relevant directions. Even this is a NFL fixed point, but the leading irrelevant operators have scaling dimension 2, the thermodynamic quantities show fermi-liquid behaviors. Using the method developed in Refs 6,14 and taking the NFL boundary conditions Eq.27 into account, we get the
(1 − T ). It is necessary to point out that in FL case, because the boundary conditions are FL, the first order contributions from dimension 2 operators vanish due to phase space constriction, however, this fixed point is a NFL fixed point, the boundary conditions are NFL, the first order contributions from the leading irrelevant operators with scaling dimension 2 don't vanish.
V. FL FIXED LINE
Ifq =ỹ = 0, this fixed point is located at γ 1 = γ 2 = 0 where both a and b lose their kinetic energies and become two Grassmann Lagrangian multipliers, integrating them out leads to the following boundary conditions :
From the above equation, we can also read the scaling dimension of the various fields
The impurity spin-spin correlation function shows typical FL behavior
Following the same procedures as in the NFL fixed line, the above boundary conditions can be written in the compact form in terms of untransformed fermion fields :
As discussed in the NFL fixed line, the physical fermions transform as the spinor representation of the above boundary conditions, the corresponding boundary conditions are:
It can be checked explicitly the above boundary conditions satisfy all the symmetry requirement. The fermion fields with the even and the odd parity under Z 2 suffer opposite continuously changing phase shifts δ = ± or the odd parity state
. This simple physical picture should be expected from the starting Hamiltonian Eq.2: If we keep ∆ 0 term fixed, then V 3 term is irrelevant, the y term ( y = 2V 2 ) is exact marginal, it causes continuous opposite phase shifts for ψ i± . V 3 term will generate the dimension 2 operator : J z (0)J z (0) :, the OPE of the y term and the V 3 term will generate the S z J y (0) term, this term will generate another dimension 2 operator :
τ 2 which is consistent with Eq.32. One particle matrix is S ± 1 = e ±iθ/2 , the residual resistivity
). This is a FL fixed line with g = 1 and the symmetry U(1) × O(6) ∼ U(4) which interpolates continuously between the non-interacting fixed point and the 2CSFK fixed point found by the author in Ref. 22 . If θ = 0, namely ∆ 1 = 0, the fixed point symmetry is enlarged to O(8) which is the fixed point symmetry of the non-interacting electrons. We can see this very intuitively from Eq. 2: if y = ∆ 1 = ∆ 2 = 0, then they will remain zero, the impurity will be in either the even parity state or the odd parity state depending on the sign of ∆ 0 , the electrons and the impurity will asymptotically decouple, therefore the electrons are asymptotically free. Non-zero ∆ 2 will not change the above physical picture, because it will This fixed line is stable. There is no relevant operator. γ 1 and γ 2 terms which are leading irrelevant operators have dimension 2, they lead to typical fermi liquid behaviors.q term has dimension 3 andỹ term has dimension 4. Theq term anti-commutes with theỹ term, so the OPE of these two terms will not generate new terms. In contrast to the NFL fixed line (Eq. 21), the angle θ which specifies the position on this FL fixed line is exactly marginal.
This operator contents are completely consistent with our direct analysis mentioned above.
VI. DISCUSSIONS AND CONCLUSIONS
In this paper, we brought about the rich phase diagram of a non-magnetic impurity hopping between two sites in a metal (Fig. 1) . As discussed in Sec. IV, the NFL fixed point with the symmetry 2IK(a) is very unlikely to be observed although it has very interesting behaviors C imp ∼ T, χ imp ∼ const. and ρ(T ) ∼ ρ(0)(1 − T ).
Ralph et al found that the experiment data show √ T behavior for 0.4K < T < T K1 and concluded the two sites system fall in the Quantum Critical regime controlled by the " 2CK fixed point". They also discussed the crossover to the FL regime in the presence of magnetic field which acts as a channel anisotropy of scaling dimension 1/2 and in the presence of asymmetry of the two sites which acts as a local magnetic field of scaling dimension 1/2 4 .
As first pointed out by MS, even the two sites are exactly symmetric, the two channel are exactly equivalent, there is another dimension 1/2 operator ∆ + will drive the system to FL regime 9 .
In this paper, we found the " 2CK fixed point " actually is a NFL fixed line which interpolates continuously between the 2CK and the 2IK(a). The crossover scale from the weak coupling fixed point q = 0 to any point on the NFL fixed line is given by the Kondo
, the crossover scale from a given point on the NFL fixed line to the corresponding point on the FL fixed line is set by Λ ∼ D(∆ + ) 2 , the finite size scaling at finite temperature T leads to the universal scaling function C imp ( similar scaling function holds for χ imp and ρ )
where the scaling function f (x, y) take the asymptotic form
In order to observe the NFL behaviors: C imp ∼ T log T, χ imp ∼ log T, R = that the stable SU(3) NFL fixed point can be realized in the syatem of a non-magnetic impurity hopping around the tetrahedral or octahedral sites in a cubic crystal when the ground state is a triplet. However, as the symmetry get higher, the NFL fixed point with higher symmetry will be more unlikely to be realizied by experiments, because the number of relevant processes will increase. 
